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Abstrat
We disuss the inhomogeneous multidimensional mixmaster model in view of appearing,
near the osmologial singularity, a senario for the dimensional ompatiation in
orrespondene to an 11-dimensional spae-time.
Our analysis andidates suh a ollapsing piture toward the singularity to desribe
the atual expanding 3-dimensional Universe and an assoiated ollapsed 7-dimensional
spae. To this end, a onformal fator is determined in front of the 4-dimensional metri
to remove the 4-urvature divergenes and the resulting Universe expands with a power-
law.ination.
Thus we provide an additional peuliarity of the eleven spae-time dimensions in view
of implementing a geometrial theory of uniation.
The attempt for a geometrial uniation of the fundamental interations present in
Nature leads, in the lassial [1, 2℄, as well as supergravity [3℄ Kaluza-Klein theories, to
represent the spae-time as the diret produt of a generi 4-dimensional manifold and
an internal ompat spae; suh a ompat spae must be homogeneous (to reet, via
its isometries, a gauge group) and have size of some orders the Plank length.
Though the existene of suh an (atually) unobservable internal ompat spae an be
introdued as an intrinsi feature, due to a spontaneous ompatiation proess (i.e. a
spontaneous breaking of the Poinaré symmetry), nevertheless it require a osmologial
justiation on the base of a suitable dynamis of dimensional ompatiation.
Over the years many eorts were done (see for instane [4, 5℄) in order to obtain a mul-
tidimensional osmology in whih takes plae the dynamial deomposition in terms of
an expanding 3-dimensional spae phenomenologially ompatible with the Friedmann-
Robertson-Walker model) and an extra-dimensional one ollapsing to Plankian sales.
Here we show how, in orrespondene to an 11-spae-time, the appearane of a om-
patiation proess aquires very general harater, no longer related to the hoie of
partiular models.
We start by a brief review of the basi dynamial features haraterizing, in vauum,
the asymptoti evolution to a spaelike singularity proper of a generi multidimensional
osmology (see [6℄-[15℄).
Let us onsider a (d + 1)-dimensional spae-time (d ≥ 3), whose assoiated metri
tensor obeys to a dynamis desribed by an Einstein-Hilbert ation, i.e. by the following
system of eld equations
(d+1)Rik = 0; (i, k = 0, 1, ..., d) , (1)
where the (d+1)-dimensional Rii tensor takes its natural form in terms of the metri
omponents gik(x
l).
In [9℄ it is shown that, within the framework of the Einstein theory, the inhomogeneous
mixmaster behavior derived in [7℄, with respet to generi 3-dimensional osmologies,
nds a diret generalization in orrespondene to any value of d.
In a synhronous referene (desribed by usual oordinates (t, xγ) γ = 1.2.3), the
time evolution of the d-dimensional spatial metri tensor γαβ(t, x
γ) singles out, near
the osmologial singularity (t = 0), an iterative struture; eah single stage onsists of
intervals of time (Kasner epohs) during whih tensor γαβ takes the generalized Kasner
form
γαβ(t, x
γ) =
d∑
i=1
t2pli liαl
i
β , (2)
where the Kasner index funtions pli(x
γ) have to satisfy the onditions
d∑
i=1
pli(x
γ) =
d∑
i=1
pli(x
γ)2 = 1 (3)
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and l
1(xγ), ..., ld(xγ) denote d linear independent vetors, whose omponents are arbi-
trary funtions of the spatial oordinates.
In eah point of the spae, the onditions (3) dene a set of ordered indies {pi}
(p1 ≤ p2 ≤ ... ≤ pd) whih, from a geometrial point of view, x one point in Rd, lying
on a onneted portion of a (d − 2)-dimensional sphere. We note that the validity of
the onditions (3) requires p1 ≤ 0, pd−1 ≥ 0; where the equality takes plae only for the
values p1 = ... = pd−1 = 0, pd = 1.
As shown in [8, 10℄ (see also [14, 15℄, eah single step of this iterative solution results
to be stable, in a given point of the spae, if take plae there the following onditions:
∀(x1, ..., xd) : αijk(xγ) > 0 (i 6= j, i 6= k, j 6= k) (i, j, k = 1, ..., d) , , (4)
where the quantities αijk(x
γ) are dened, in eah spae point, by expressions of the
form:
αijk = 2pi +
∑
l 6=i,j,k
pl (i 6= j, i 6= k, j 6= k), (i, j, k = 1, ..., d) (5)
and take values in the available domain for the ordered indies {pi}.
It an be shown [8, 10℄ that ,for 3 ≤ d ≤ 9 at least the smallest of the quantities
(5), i.e. α1,d−1,d results to be always negative (exluding isolated points {pi} in whih it
vanishes); while for d ≥ 10 there exists an open region of the (d−2)-dimensional Kasner
sphere where this same quantity takes positive values, the so-alled Kasner Stability
Region (KSR).
As a onsequene, for 3 ≤ d ≤ 9, the evolution of the system to the singularity onsists of
an innite number of Kasner epohs; instead for d ≥ 10, the existene of the KSR, implies
a profound modiation in the asymptoti dynamis. In fat the (reliable) indiations
presented in [9, 15℄ in favor of the attrativity of the KSR, imply that in eah spae
point (exluding sets of zero measure) a nal stable Kasner-like regime appears.
Finally we stress that, in orrespondene to any value of d, the onsidered iterative
sheme ontains the right number of (d + 1)(d − 2) physially arbitrary funtions of
the spatial oordinates, required to speify generi initial onditions (on a non-singular
spaelike hypersurfae); therefore this pieewise solution desribes the asymptoti evo-
lution of a generi inhomogeneous multidimensional osmologial model.
Now we show how, for d = 10 the Kasner stability region is haraterized by a peuliar
feature whih has relevant dynamial impliations for a dimensional redution senario
toward the singularity.
First we rewrite, in terms of the ordered Kasner indies {pi}, the onditions whih
dene in Rd the (d− 2)-dimensional allowed domain, i.e.
d∑
i=1
pi =
d∑
i=1
p2i = 1; p1 ≤ p2 ≤ ... ≤ pd . (6)
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Within suh a domain, the KSR is dened by the following onditions:
α1,d−1,d = 2p1 + p > 0; p =
d−2∑
i=2
pi ; (7)
in fat, the validity of this inequality ensures the positiveness of all the quantities
αijk, (i 6= j, i 6= k, j 6= k), (i, j, k = 1, ..., d).
We observe that those sets {pi} whih verify the ondition α1,d−1,d = 2p1 + p = 0,
and therefore (for d ≥ 10) lay at the boundary of the Kasner stability region, are
xed points with respet to the iteration of the multidimensional map (assoiated with
replaing of Kasner indies). It is worth noting that onstitutes an exeption the point
p1 = ... = pd−1 = 0,pd = 1 whih, although is a xed one for any value of d, nevertheless
it does not lay (for d ≥ 10) at the boundary of the Kasner stability region, remaining in
this sense an isolated xed point.
With lear referene to our leading idea, let us now searh for points {pi} in the
allowed domain having the following struture:
p1 = p2 = p3 = −X ; p4 = p5 = ... = pd = Y ; (X ≥ 0, Y > 0); (d > 3) .
(8)
By the onditions (6)-(7) we obtain the following simple algebrai system in the vari-
ables X, Y :
−3X + (d− 3)Y = 1; 3X2 + (d− 3)Y 2 = 1; (X ≥ 0, Y > 0); (d > 3) , (9)
whose solution gives us the expliit expressions of X and Y as funtions of d; so we
dene, in the allowed domain, a point {pi(d)} having the form 1:
p1 = p2 = p3 =
1
d
[1−
√
1
3
(d− 1)(d− 3)]; (10a)
p4 = p5 = ... = pd =
1
d(d− 3) [d− 3 +
√
3(d− 1)(d− 3)] . (10b)
In orrespondene to these speial points the quantity α1,d−1,d takes the following
expliit expression as funtion of d:
α1,d−1,d[pi(d)] ≡ α∗1,d−1,d(d) =
1
d
[d− 1− d+ 3
d− 3
√
1
3
(d− 1)(d− 3)] . (11)
It an be veried the validity of the following statements:
a) For d = 4, α∗1,3,4 = 0 in (p1 = p2 = p3 = 0, p4 = 1)
b) For 5 ≤ d ≤ 8, α∗1,d−1,d < 0
1
We note that the existene of suh points in the ase d = 9 and d = 10 was rst pointed out in [8℄
with referene to a dierent purpose.
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 For d = 9, α∗1,8,9 = 0 in (p1 = p2 = p3 = −1/3; p4 = p5 = ... = p9 = 1/3)
d) For d ≥ 10, α∗1,d−1,d > 0
Thus we nd the key result that, for d ≥ 10, the points of the form (10) belong always
to the KSR. This fat aquires partiular relevane for the dimensional redution sine
it is lear that, due to the ontinuity, in a small enough neighborhood of suh points
(interely within the KSR) the Kasner indies {pi} have to onserve the same struture
with three negative values and all the other positive ones (although, in general, we have
no longer any equality ondition in eah of these two groups of values).
Let us now show that for d = 10 there exists a whole onneted domain in the KSR
whih possesses suh a struture, i.e. is onstituted by points {pi} for whih always
three indies are negative and the remaining seven all positive ones.
For d = 10, the point of the form (10) reads expliitly
p1 = p2 = P3 = (1−
√
21)/10; p4 = p5 = ... = p10 = (7 + 3
√
21)/70 (12)
and the quantity α∗1,9,10 takes the positive value (63− 13
√
21)/70.
In a small neighborhood of the point (12), the KSR have to ontain points with three
negative indies. We observe that, as far as we deal with a onneted region, the presene
of points {pi} having two or four (in ase till to d − 2) negative indies, implies that
there exist urves (interely inside suh a region), whih joint points of suh a kind to
the one (12).
However, any of suh urves has to neessarily ross the hyperplanes p3 = 0 or p4 = 0
in orrespondene to points of the form
1) [(p1 < 0); (p2 ≤ 0); (p3 = 0); (p4, ..., p8 ≥ 0); (p9, p10 > 0)]
2) [(p1 < 0); (p2, p3 ≤ 0); (p4 = 0); (p5, ..., p8 ≥ 0); (P9, P10 > 0)]
where all the above non-vanishing values have to be regarded as unspeied generi
ones. Of ourse sets of values of the form 1) and 2) dene points belonging to the KsR,
only if the onditions (6) and (7) take plae simultaneously. But (at least) one index, p3
or p4, must be zero and therefore suh onditions redue exatly to those ones relative to
a 9-dimensional spae. Sine, as disussed before, in orrespondene to d = 9 there exist
no points in the allowed domain satisfying the ondition (7) and then we an onlude
that for d = 10 it exists a whole onneted portion of the KSR whih does not ontain
points of the form 1) or 2).
Thus, in agreement to the previous reasoning, it follows that, for d = 10, suh a onneted
region is really onstituted only by sets {pi} having three indies always negative and
all the remaining seven positive ones, i.e of the form:
3) [(p1, p2, p3 < 0); (p4, ..., p10 > 0)]
It is easy to reognize that suh a onneted region should have a boundary onstituted
of xed points. In analogy to the above proof, we an show that, for d = 10, also these
xed points possess the same struture 3), with the only exeption of the speial point
p1 = p2 = p3 = −1/3; p4 = 0; p5 = p6 = ... = p10 = 1/3. . (13)
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However, we stress that, to the 10-dimensional KSR belongs the point
p1 = ... = p4 = −(
√
27/2− 1)/10 p5 = ... = p10 = (1 +
√
6)/10 , (14)
whih, in fat, orresponds to
α1,9,10 = (9− 7/2
√
6)/10 > 0 . (15)
Here, the relevant feature relies on that, the region having the property above outlined
is an isolated one and the spae regions where three and four indies are negative (i. e.
the orresponding number of dimensions expand), are separated by the 2-dimensional
surfae dened via the onditions
{ p1(xγ) = p2(xγ) = p3(xγ) = −1/3 p4(xγ) = 0 p5(xγ) = .... = p8(xγ) = 1/3 ; (16)
indeed the remaining indies p9 and p10 are obliged to the value 1/3 by the onditions
(6)
2
.
We onlude this analysis by observing that the above properties of the KSR, as
derived for d = 10, do not hold for higher dimensional ases.
In fat, for d = 11, the KSR still never meets the hyperplane p3 = 0, but now it ontains
points of the hyperplane p4 = 0 in orrespondene to a small enough neighborhood of
the point
p1 = p2 = p3 = (1−
√
21)/10; p4 = 0, p5 = p6 = ... = p11 = (7 + 3
√
21)/70 ,
(17)
for whih α1′10′11 oinides with α
∗
1,9,10(> 0).
Thus, the iteration of our disussion, for inreasing values of d, allows to say that the
KSR an never ontain points {pi} with only two negative indies; but a whole onneted
portion of the KSR, having three negative Kasner indies, no longer exists. Thus for
d > 11 the portions of the spae where three indies are negative orrespond to open
sets whih lay diretly in ontat with those ones where four indies beome negative,
via the d− 1-dimensional hypersurfae p4(xγ) = 0.
Now we desribe the dynamial impliations of the results above obtained about the
KSR, with respet to the asymptoti evolution toward the singularity.
We see how, for d = 10, due to the strutural feature of the KSR, during the asymp-
toti evolution, in eah spae point (of the spatial domains, bounded by 2-dimensional
surfaes), a stable Kasner-like regime take plae. The dynamis is haraterized by a
natural deomposition in terms of three expanding diretions (assoiated in that point
to the three negative Kasner indies) and the ollapse of the remaining seven ones (as-
soiated to the positive indies).
2
The piture is made a bit more ompliated by the existene of points of spae where never appear
a stable set of indies.
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However it is important to observe that, as a onsequene of the osillatory behavior
(indued, on the spatial dependene of the Kasner indies, by the map iteration, [12℄-
[15℄), the three expanding diretions, as well as the ollapsing ones, hange through
spae.
Though in this asymptoti sheme we obtain a 3-dimensional expanding Universe,
nevertheless the assoiated 4-dimensional spae-time urvature diverges as 1/t2 (t→ 0).
This aspet would make unsuitable the implementation of any atual osmology in this
dynamial ontext. However this divergene an be removed by, rst, onsidering the
following time oordinate transformation
T =
1
t1/X
X = const. X > 0 (18)
and then taking the onformal fator in front of the 4-dimensional metri whih re-
stores a synhronous referene; hene the line element of our model rewrites
ds2 =
X2
T 2+2X
(
dT 2 −
3∑
i=1
1
X2
T 2+2X(1−pli )liαl
i
βdx
αdxβ
)
−
10∑
j=4
T−2Xplj ljαl
j
βdx
αdxβ . (19)
Of ourse,this expression of the metri must be referred to those regions of the spae
where the indies pl1 , pl2 and pl3 assume the three allowed negative values.
As T → ∞ the 4-dimensional urvature aquires a vanishing behavior.and we get a
power-law ination haraterizing the 3-dimensional Universe expansion. This latter
feature is partiularly interesting beause a power-law expansion strethes the inhomo-
geneities out of the (redened) physial 3-horizon. It is worth noting that to get a real
dimensional redution, from extra-dimensions ollapse, impliess ertain topology ondi-
tions on the model or mehanisms whih prevent the diret observation. We also infer
that, in our generi piture, the isometries, underlying the gauge elds representation,
have to be reognized loally.
We onlude our analysis by stressing how the idea proposed in this paper, represents
an additional argument onrming the privileged harater of the 11-dimensional spae-
time in view of the implementation of a geometrial uniation theory.
In fat, as disussed in [16℄, the 11-dimensional spae-time turns out to be the most
natural hoie when onsidering the onstrution of a realisti Kaluza-Klein theory.
This laim is supported, in rst plae, by a phenomenologial argument, based on the
neessity of representing (in the zero mode approximation) the right massless gauge elds
responsible for the fundamental partiles interations. Sine in the Standard Model the
bosoni omponent is desribed by the gauge group SU(3) ⊗ SU(2) ⊗ U(1), then the
symmetry group of the extra-ompat internal spae must ontain it. Now it is possible
to show that the minimum dimension of a manifold, having the SU(3)⊗ SU(2)⊗ U(1)
symmetry, is a 7-dimensional one, i.e. CP 2×S2×S1. We see how this phenomenologial
onstraint indiates the 11-dimensional spae-time as the lowest-dimensional admissible
one for a realisti Kaluza-Klein theory.
Furthermore, it represents a remarkable fat that eleven is even the maximum number
7
of dimensions for whih supergravity theory is ompletely onsistent. In fat,for more
than eleven dimensions, the gravitino, whih is a Rarita-Shwinger spin-vetor, would
have more than 128 degrees of freedom and, one redued in four dimensions, it would
lead to a supergravity theory ontaining massless partiles with spin greater than two.
But there are strong arguments in favor of the idea that the oupling of suh kind of
partiles with gravity leads to inonsisteny.
On the base of all these onsiderations it looks really remarkable that, in orrespon-
dene to an 11-dimensional spae-time, this large number of peuliar aspets takes plae
in favor of the implementation of a geometrial Uniation Theory; it leads us to argue
that they these features might onstitute more than mere oinidenes.
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